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Half-Range Expansion Analysis for Langevin
Dynamics in the High-Friction Limit with a
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We consider the dynamics of a Brownian particle given by the Langevin equa-
tion in a strip, under the effects of a deterministic force. The trajectories of par-
ticles originate at a source whose spatial location in the phase space coincides
with the location of adsorbing boundaries. This leads to singular behavior of
trajectories in the high-friction limit. We use the half-range expansion technique
and systematic asymptotics to solve a boundary value problem for the Fokker—
Planck operator and to calculate the steady-state transition probability density,
the mean time to absorption, and the distribution of exit points. We do not
make assumptions about other parameters in the problem except that they are
O(1) relative to the friction coefficient. We calculate explicitly the correct loca-
tion of the Milne-type extrapolation for absorbing boundary conditions for the
Smoluchowski approximation to the Langevin equation.

KEY WORDS: Langevin equation; Smoluchowski equation; half-range
expansion; singular perturbations; Milne extrapolation length.

1. INTRODUCTION

In this paper we derive the leading-order approximation to a problem for
a diffusion process given by the Langevin equation in a slab, in the
presence of absorbing boundary conditions, in the asymptotic limit of high
friction. We treat the problem in which all trajectories of the diffusion
process originate at a source whose spatial location in the phase space
coincides with the spatial location of an absorbing boundary. In the high-
friction limit the behavior of the trajectories of the Langevin process in
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the neighborhood of such boundaries becomes singular. We conduct an
asymptotically exact analysis, with no ad hoc assumptions about the form
of the solution. We include the effects of a potential field. We also consider
the problem in which trajectories of the process originate away from absor-
bing boundaries.

It is well known that the Langevin operator approaches the
Smoluchowski operator in the limit of limit friction."* That is, in the
high-damping regime, the dynamics in the phase space of position and
velocity can be approximated by dynamics of the position only. This pro-
jection of the two-dimensional space onto a one-dimensional space is con-
structed putting no conditions on the boundary behavior of the underlying
process. Thus the Smoluchowski operator is the free-space limit for the
Langevin operator in the high-damping regime.

Both the Smoluchowski and the Langevin equations have been exten-
sively used to model many physical and chemical phenomena.** In many
situations the starting point for modeling has been the Langevin equation;
in other situations {e.g., particle motion in the liquid phase), the starting
point for the modeling has been the simpler Smoluchowski equation. In
this paper, we discuss level-crossing problems for dynamics of a Brownian
particle in a force field, given by the Langevin equation in the asymptotic
limit of high friction. For the class of level-crossing problems, physical
boundary conditions are easily translated into the phase space of the
Langevin equation; however, it has been an outstanding classical problem
to convert them into boundary conditions in the lower-dimensional space
of the Smoluchowski equation.®

There are many applications in which problems of this form are a
natural expression of the underlying physics. The problem considered here
is concerned with transport of particles from a source to a receptor. It is
a special case of a Boltzmann equation, with a differential scattering
operator.'®” Many kinds of spectroscopy can only provide information
about part of the state of a particle (x, but not %, for example). In such
a situation, the experiment provides information about the solution to
level-crossing problems {mean time to travel from x=x, to x=x,, for
example).*¥

Stochastic models of transport in ionic channels require the solution to
level-crossing problem.!® Consider the situation when a source of ions is
placed at position x =0 (see Fig. ). The velocity distribution of the source
is given. The source emits ions with positive and negative velocities. Those
with negative velocities are immediately resorbed, and those with positive
velocities are followed until they are absorbed either on the left (when they
return to the level x =0 where source is located), or on the right (when
they get to a given level where another absorbing boundary is located).
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Fig. 1. Absorbing boundary conditions P =0 are prescribed on {x=0~, v>0} and {x=4d,
v <0}, where the flow is in. The source with the velocity density s(») is placed at x=0*. The
values P takes on {x=0", u<0} and {x=d, v>0}, where the flow is out, are to be deter-
mined by solving the problem (2.10)-(2.12).

Since ions can reach the boundary on the left only with negative velocities,
the absorbing boundary condition can only be imposed on the x > 0 half-
line to ensure that no other ions than those originated by the source enter
the domain. Similarly, ions can reach the boundary on the right only with
positive velocities, so absorbing boundary conditions are imposed on the
X < 0 half-line. The flux of exiting ions on the left and on the right is deter-
mined by the intensity of the source and the dynamics in the strip between
the boundary lines.

In this model, the boundary at x =0, x> 0 is singular, since it is both
the source of particles and an absorber of particles. Special care will be
used below to treat this type of boundary condition. In the process, the
correct treatments for simpler nonsingular absorbing boundary conditions
will also be developed.

Naive considerations at x =0 lead to contradiction. Suppose that one
wants to approximate the Langevin operator in the strip by the
Smoluchowski .operator on an interval. Then the Smoluchowski operator
should be equipped with adsorbing boundary conditions on both ends of
the interval, together with the source of trajectories located on the left.
Thus the boundary on the left would be at the same time an absorbing
boundary and the source for trajectories of a diffusion process. Thus no
trajectories would ever enter the interval. It is obvious that such an
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approximation cannot provide the correct asymptotic behavior of the
original Langevin problem in the high-friction limit. In this setup with the
same location of the source and an absorbing barrier it is evident that
the problem is of singular perturbation type.

In this paper we study the boundary value problem for the Fokker—
Planck operator associated with the Langevin equation, with absorbing
boundary conditions on half-lines, X >0 on the left and ¥ <0 on the right.
We assume that both boundaries are noncharacteristic, that is, the force
field does not vanish at the boundaries. Two problems will be solved: one
with the singular boundary boundary conditions described above, and a
simpler one with regular boundary conditions, where the source and the
absorbing boundaries are well separated. We derive the steady-state trans-
ition probability density and employ it to calculate the mean first time
to absorption and the probability flux at the boundaries. We derive
the correct absorbing boundary conditions for the Smoluchowski
approximation.

Similar problems, where the external conditions may only be
prescribed on part of the boundary, have been addressed previously. The
classical problem, first posed in ref. 8, deal with the level crossing of the tra-
jectories of the Ornstein—Uhlenbeck process with no external forcing term.
This problem has been the subject of many studies‘'®'”) because it is the
simplest nontrivial formulation of a class of transport phenomena.
Moreover, modeling of various physical situations leads to formulations
which can be interpreted in the language of the Ornstein—Uhlenbeck pro-
cess; see, for example, ref. 12. The Wang-Uhlenbeck problem'® has been
solved recently.!®2%2!) Equivalently, it is a problem for a level crossing of
trajectories of a Brownian particle in a half-space, under no deterministic
external forcing term. The boundary value problem for the transition prob-
ability density function is then formulated in terms of the Fokker—Planck
operator. The analytical difficulty of solving this problem stems from the
fact that half the set of eigenfuntions for the Fokker-Planck operator does
not satisfy orthogonality conditions on the part of the boundary where the
conditions are imposed, although this half set is complete on this of the
boundary.®® The earlier attempts on the problem relied on arbitrary
postulates on the form of the solution at the boundary, for example, the
form of the current at the boundary,'® moment closure assumptions,‘!*>!"
numerical calculations,'®'® ad hoc correction factors.!’" These analyses
provided some approximation to the Milne extrapolation length.

The effect of a linear potential on a Brownian particle with absorbing
boundary conditions on the half-line x =0, ¥ > 0 was studied in ref. 19. The
problem was considered on the half-space x>0 with an additional zero
condition imposed on the solution as x — co. The analysis of the stationary
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problem for a particle originating at x =0 was conducted and the probabil-
ity of return to the origin was calculated. The Milne extrapolation length
was calculated when the particle originates away from the boundary, in the
limit of no potential.

The problem solved in this paper is different from and much more
general than the problem considered in ref. 19. We do not assume that the
potential is linear. We only require that the force does not vanish at the
boundary. Our results include as a special case those of ref. 19. We consider
the problem on a slab, that is, on a bounded interval for the spatial
variable x. The solution of ref. 19 roughly corresponds to our boundary
layer solution, but with a significant difference. In our case the boundary
layer solution approaches the nonzero outer solution. Moreover, we solve
two problems for the Milne extrapolation length. First we calculate the
location of the extrapolated boundaries in the singular case when the loca-
tion of the absorbing boundaries coincides with the location of the source.
We also calculate the Milne length in the regular case. In both cases we
derive the effect of the potential on the extrapolated boundaries. We
calculate the probability of return to the origin for an arbitrary potential
and the slab geometry. In particular, we specialize our results to a linear
potential and if we extend the thickness on the slab to infinity then we
recover the results of ref. 19.

In refs. 20 and 21 a technique of expanding the solution in half the set
of eigenfunctions, so that the conditions given on the half of the boundary
are satisfied, was developed—the technique of half-range expansion. We
generalize and use this technique. We solve the boundary value problems
using a systematic expansion in the limit of high friction, with no need for
assumptions about the solution. In the case of a linear potential, we derive
the complete asymptotic expansion, yielding a solution accurate to within
a transcendentally small eror. Our two principal tools are half-range expan-
sions and boundary-layer expansions. The completeness results in refs.
22-24 provide the theoretical basis for the half-range expansions we use at
the boundaries.

In Section 2, we formulate the problem. In Section 3, we present the
main results of this paper: (i) the expression for the steady-state probability
density, uniformly valid in the domain; (ii) properties of the original pro-
cess, such as the mean first passage time to the boundary, and the prob-
ability flux on,the boundary; and (iii) the correct boundary conditions for
the Smoluchowski approximation, in both the regular and singular cases.
In Section 4, preliminary technical results are developed, which are applied
in Sections 5 and 6 to derive the solutions to the problems. (The technique
developed and applied herein may also be used to solve the full time-
dependent problem.)
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2. FORMULATION OF THE PROBLEM

We consider a diffusion process (x, v=x) whose trajectories obey the
Langevin equation

xX=v

(2.1)
v=—fv—U'(x)+(28)'? éw
Here f denotes the damping coefficient, §° is the noise strength, U(x) is a
deterministic potential, and w is standard Gaussian white noise.

We consider the process (x, v) on the strip D=[0, d ] x &#; trajectories
originate at x=0%, with a known velocity distribution s(v). No other
trajectories enter D. Thus the transition density p(x,v,t|&=0%,n)
satisfies the problem given by the Fokker-Planck operator L, ,,

ap ap 0 5, 0%p
o_, __%. 0 / op 22
Y L..p Uax+av[(ﬁU+U(X))P]+5 ﬁavz (2.2)

with the initial condition

lim p(x,v,£]E=0%,7)=8(x—0%) &(v—1) s(n) (2.3)

and the absobing boundary conditions

p(x=0",0,2]¢,=0%9)=0 for v>0 (2.4)
px=d,v,t|E=0%,39)=0 for v<0 (2.5)

The absorbing boundary conditions indicate that trajectories, once they
reach the boundary of D, are terminated so they do not reenter D.
Moreover, Egs. (2.3) and (2.4) show that the density p suffers a discon-
tinuity at x=0 and v >0, since p=0 for x <0. This singular behavior of
the solution requires a special technique to be developed to obtain the
solution to the problem (2.2). The analysis will be carried out for a general
s(n); we will specifically give results for the Maxwellian density

1

- st
IS e (2.6)

s(n)=

which describes the source in the state of thermal equilibrium. We solve the
problem (2.2)-(2.5) in the asymptotic limit of #3 1. The noise strength &2
is not assumed to be small compared to other parameters of the problem,
that is, compared to U{x) and U’(x) on (0, d). We assume that x =0 and
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x=d are noncharacteristic boundaries for the potential U(x), that is,

U'(0)#0 and U'(d) #0. The special case of U(x)=0 is solved in Section 6.

The case of characteristic boundaries will be considered separately.'**
First we introduce a new time scale

=B (2.7)
and rewrite Eq. (2.2) as
1dp
-—==L_, 28
Boi - p (2.8)

We define the function

+oo + oo
P(x,u|§=o+)=f UO p(x,v,f|f=0+,17)df]d;7 (2.9)

The function SP can be interpreted as the mean time spent by a trajectory
at the point (x, v) prior to its absorption, given that it started at position
£ 1t follows from (2.2)—(2.5) that P satisfies the problem

L. P= ——%5(x—0+)s(v) (2.10)
Px=0",0|&E=0%)=0 if v>0 (2.11)
P(x=d,p|E=0%)=0 if v<0 (2.12)

(See Fig. 1.) Knowing P, we can calculate properties of the process (x, v),
for example,

(i) the mean first passage time (the mfpt), Et, given that the trajectory
started at £=07, is given by

Er=ﬂ”DP(x,vlé=O+)dxdv (2.13)

(ii) the density of exit points is given by
px(t)=0,v(t)e(v,v+dv) | x(0)=0%)= —foP(x=0,v | E=0%)dv
if v<0 (2.14)
p(x(z)=d, v(t)e (v, v+dp) | x(0)=0")=foP(x=d,v|{=0")dv
if v>0 (2.15)
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(1ii) the total probability flux at x=0, Y(0|£=0"), and the total
propability flux at x=d, ¥(d| E=0"), are given by

Y’(0|¢=0+)=—ﬂj° vP(x=0,v|E=0%)dv (2.16)
qf(d|§=o+)=/zj°° bP(x=d,v|E=0")dv (2.17)
0

In order words, ¥(d|&=0%) equals to the probability that trajectories
exit D at x = d (with any velocity) given that they originated at ¢ =0". For
future reference, we write the relation between ¥(0[&=0%) and
P(d|{=0"),

POE=0")=3+[;—P(d|£{=0")] (2.18)

The expression in the brackets denotes the flux of the trajectories at x =0,
v <0, which originated at x=0, v>0. The factor 1/2 to the right of the
equality sign indicates that half of the trajectories which originated at the
source do not enter D; they contribute to the probability flux at x =0, just
before they are terminated. [ Here the factor 1/2 follows from the assump-
tion that (% s(v)dv={g s(v)dv=1/2, that is, half of the trajectories
originate with negative velocities. If this is not the case, then the factor 1/2
in the brackets should be replaced by the proportion of the trajectories
with negative velocities, and the factor 1/2 to the right of the equality sign
should be replaced by the proportion of the trajectories with positive
velocities. ]
We seek the soluton to (2.10) in the form

1 2 2 - 2
. +y — —v2f28% , — Ulx)/6 " =0+
P(x,v|0%) _(2n)‘/25e e Ox,v|E=0") (2.19)
Next we define
$(v)=(27)'2 8¢ 5(v) (2.20)

and we rescale the velocity

B

v/6 (2.21)

Also we denote ¢=1/8. Upon dropping the hat, we obtain the problem
for Q:
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U'(x)

’Z\auQ(xa U)EQvu+<_v+8 ) Qv—Eanx

= —g2eV 5(p) §(x —0 )
Ox=0",v|&=0%)=0 if v>0
Ox=d,v|&=0%")=0 if »<0

(2.22)

Below we solve the problem (2.22) in the asymptotic limit of ¢ < 1.
We write the formulas for the mfpt and the total flux at the boundary
in terms of the function Q as

1 1 +oc od 5 2
j f e~ o= VI O(x b) dx db (2.23)
—oc Y0

T
P(0)= _ée‘uw)/o’2 1 IMO ve="12Q(0, v) dv (2.24)
e (27!)1/2 . ’ -
¥(d) =ée‘”"'”"2—l—f+w ve =" Q(d, v) dv (2.25)
€ (2m)'2) _ o ’ '

3. MAIN RESULTS

The main result of the paper is the leading-order approximation to the
diffusion process (2.1) with absorbing boundaries at spatial locations x =0
and x =d, and trajectories originating ar x =0. We find that in the high-
friction limit the Langevin process (2.1) becomes the Smoluchowski process

X aw

= -U'(x)+./20 — 3.1
df (x) \/_ dt (3
with trajectories originating at x =0, and absorbed at points
6.,./1 1 1
ok — J_ Juiy Dp— g 4 — 32
=d=5¢(3) 55 @+ (55) (32)
é 1 1
t=5¢3)+ %] +o(5) o)

Here {(1/2)= —1.460435... is the Riemann zeta function, and 4, is defined
by the series in Eq.(5.36). In particular, if the velocity source is
Maxwelllian, then %, is given by Eq.(5.41) and its numerical value is
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Fig. 2. The outer marginal steady-state density POUT(x) in the case of a linear potential
U(x)=x and (a) =5,5=1, (b) B=10, =2, with d=2. POUT(d) = O(1/p).

%,=10.52424.... Thus the transition probability density function (see Fig. 2)
of the process x(t) satisfies the Fokker-Planck equation

op 0 ,0%p
—=—[U — 34
2= LU0 p1 46 55 (34)
with the initial condition
lim p(x, 7| &) =d(x) (3.5)
i=0
and the absorbing boundary conditions
p(x%, F|E)=0, p(xE, 1 &E)=0 (3.6)

We find that the solution to the problem (2.10) uniformly valid on (0, d]
1s given by

B

P(x,v)= ()" e

— 028 ,— Ulx)/? O(x, v) (3.7)

Here

Q(x, v) = Q°VT(x, v) + Qp.(x, v) + 0%, (x, V) (3.8)
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where

QOUT(X, U) = C[J.\’ eU(})/JZ dx-_é veU(.\')/ézjl +D+0 <L2> (39)
0 B B

hinn = § 4oy

1
=M ,E‘ nA (A (a%))

%, a°> (3.10)

le_(xi U) ei.u_(ad)ﬂ(d—.\‘)/ls V"— <E, ad) (311)

0

In the case of the Maxwellian velocity source the constants in Egs.
(3.9)—(3.11) are given by

1 1/2) + %, 1
C= e LU S{f /2 (l)j; ° 40 ( /32> (3.12)
D=—Le”‘°”“2[c<l>+93]+0<i> (3.13)
ﬂé 7 0 ‘BZ !
M= _[; o Ut U(m/az%;_f{ 0 <ﬁ%> (3.14)

and the definitions of the eigenvalues A_, eigenfunctions V., and the
function A" are given in Eqgs. (4.6) and (4.39). The coefficients 4, are given
by Eq. (5.34), and are O(1/8). Using (3.7) in Egs. (2.13) and (2.17), we find
the mfpt of the trajectories out of the strip D is given by

Er=(E7)°VUT 4+ (Er)k, + (Er)}, (3.15)

where (E7)°VT denotes the contribution to the mfpt due to the outer solu-
tion Q°YT(x, v) and is given by

(ET)°VUT = — {(1/2) + %, U0y [d e~ U1 [r PLLEh d)?} dx+ 0O <l>
[} x ﬁ

h) jgev(x-)/«sz d%
(3.16)

while (Et)5, and (Et)§; denote the contributions to the mfpt due to the
boundary layer terms QL and QF,, respectively. This contributions are
O(1/B) and O(1/8%), respectively. They are given by Eqgs. (5.58) and (5.59).
We find that the probability flux at 4 is given by

S uioyer $1/2) + %o +0<L>
"B’

#ld)= j‘d U g5 ﬂl

(3.17)
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Equations (3.15) and (3.17), which are obtained from the solution to the
full two-dimensional problem, give the same expressions for the mfpt and
the probability flux at the boundaries as the Smoluchowski approximation
(3.1) considered on the interval (x§, xg).

4. IMPORTANT TECHNICAL ANALYSES AND RESULTS

In this section we derive results which will be used later to write the
uniform solution to Eq. (2.22). In Section 5 we will show that the boundary
layer analyses of Eq. (2.22) (about x =0 and x =d) lead to boundary value
problems which can be written as

Owt(—v+a)Q,—vQ:=0 (4.1)
O(% v>0)=0
Q= const, +const, e "7~ as X—o o

where the constant a depends on the particular boundary larger [see
Egs. (5.12) and (5.18)].

4.1. Operator .Z and Its Properties

Separation of variables in Eq. (4.1) leads to an eigenvalue problem for
the operator %, :

LV=V"+(—v+a) V' =V (4.2)

Two solutions to Eq. (4.2) which have the desired behavior for |v] > 1 are
given by?"

Vip)=e® =AU+ 22— da,v—a+22) (4.3)

Vy(0) = e~ P UL+ 22— da, —v+a—21) (4.4)

where U denotes the parabolic cylinder function of index 3+ A*— 1a. The
two solutions are linearly independent if

A—al=n for n=0,12,. (4.5)
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Therefore we obtain the set of eigenvalues and eigenfunctions of the
problem (4.2),

Aa@a)=de=06 Vy(v,a)=1 (4.6)
la)=Ay=ae Pyv,a)=e
Afay=if=[la+(a®+4n)'?]2 o Vv, a)
=He, (v—a+24;)e #-a-@&h
Aj(ay=; =[a—(a®*+4n)'*]2 oV (v, a)
=He,(v—a+2,)e o=

)2

Here He, denotes the Hermite polynomials.
We observe that the operator & is self-adjoint in the inner product

T em =2 oy Wiv) db (4.7)

1
KW=

and that the eigenfunctions ¢,,, ¢, of £ corresponding to distinct eigen-
values ,,, 4,, (£¢,,=4,,v¢,,) are orthogonal in the inner product

{vd,,, ¢,> =0 if n#m (4.8)

The set {V,, ¥, VE, n=1,2,.} is an orthogonal basis of the square-

n

integrable functions in the inner product (4.7). Thus any such a function f
can be expanded as

f)=LVe+I,V,+ Z IyVi+I7 V) (4.9)
n=1

where

CADNEEERCA SN C A 75

= ; =~b 70l o 2h el (g0)
© Ve, Vo) ° Py, Pod OVE VE)

Using properties of Hermite polynomials, we find the normalization
constants

<UVO, V0>=(1
oWy, V) = —a
VEVEY=(a—24F)n! (4.11)



326 Ktosek

In particular, if the source density is Maxwellian, then the analysis near the
location of the source will require the expansion of f(v)=1/v in terms of
the eigenfunctions. We have

1 1 1 e (11+)n (a5
;=Z——e /ze +"§:IT:)!—V:(U)
© (;L—)ne—(ln-)z/Z B
-V 4.12
t L e Y (12

If f and h are two square-integrable functions with respect to the inner
product (4.7), then we have

o, Voo Kok Vo) | <o, Voy{vh, Vo>

R = e, Voy <.,r/°, 70
(vf VI>{vh, V, va )(vh V.
+ + 413
ngl V:’ V:> ,,;| n ’ n > ( )

We will need the following identities, which follow directly from the
properties of Hermite polynomials.?’) We define the nonweighted inner
product

1 + oo N 2 ar
(Y, W>NWEW.[ e P V(v) W(v)dv=e"{ Ve~ ", W) (4.14)

Then we have for n=1, 2,...

(Vi Dww=(1F —a)t 7L P =28Ea) (415)
(VE v)aw=e"(VE, pe=®) =0 (4.16)
(VE DD aw= —a(AE —a)"~! e~ LA -2ta2 (4.17)

Equations (4.16) and (4.17) imply that

al V,it,1>Nw=/1;F<V,.iyvz>Nw (4.18)
4.2. Solution to the Problem (4.1)

In this section we adapt the method of ref. 20 to solve the half-range
boundary value problem (4.1). In ref. 20 a problem analogous to (4.1) with
a =0 was solved. Below we present the main steps in the generalization of
the method of ref. 20 to the case of a # 0.
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The eigenfunction expansion of (4.1) is given by

O(%,0)=Cot+ Coe =04+ T CHe¥ Vi (0)+ 3 Cr e V(o)
n=1 n=1

(4.19)

In order to satisfy the matching conditions, we must have C} =0 for
n=1,2,..

Next we take the Laplace transform of (4.19) with respect to X to
obtain

Q(S7 U) =

= /1 — ¥ (v) (4.20)

n—l

We also take the Laplace transform of the problem (4.1) with respect
to %, solve it, and compare the solution with (4.20). We have

Qo+ (—v+a)Q,—sv0=0 for v>0 (4.21)
whose solution is
O(s, v) = e~ U(p — a + 25) F(s) (4.22)

where U denotes the parabolic cylinder function with index 1+ s> —sa, and
the function F(s) is determined below. Since for v>0, Egs. (4.20) and
(4.22) represent the same function, the two representations must have the
same singularities in s. So we have

_ E(s)
F(S)__—s(s—a) (s (4.23)
where w
H(s)=T] e(s—=2,) (4.24)

n=1

with coefficients ¢, chosen so the product (4.24) converges, and it has a
suitable behavior for s> 1, and A4 (s=0)=1 (see Section 4.4); and E(s) is
an entire function of s. In order to determine E(s) we analyze (4.22) for
s> 1. We have

U(v—a+2s)~(%7:)”2&‘”3 exp[ - 1§ + (5% - 1a?) In §] Ai($"?0)[ 1 + O(5 )]
(4.25)

where Ai denotes the Airy function, and

§ (4.26)

sS—

NIQ

822;79/1-2-22
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Combining Eq. (4.25) with Eq. (4.38) in Eq. (4.22), we obtain that for s> 1

E
O(s, v) ~ Slf—sﬂﬁ (4.27)

Since ¢ must be meromorphic in s, the only entire function which can
satisfy (4.27) is E(s)= E=const. Next we invert the Laplace transform
(4.22) to obtain

l+ L —ate-n i—em
a aA(a) nA"(1,)

n=1

o(F, v)= E[ V. (v, a)] (4.28)

This is the solution to problem (4.1).

4.3. Expansion of V,
In this section we solve the problem
QU +(—v+a) Q" —vQ¢" =0
0" (%=0,v)=V}(v) if v>0 (4.29)

O =~ const as X¥—-

We write the solution to (4.29) in the form of the expansion

QX 0)=Cy+ Y Crme 2V (v) (4.30)
n=1
We compare the Laplace transform of (4.30) (with respect to the variable

X) with the solution to the Laplace transform of the original problem
(4.29), that is, with the solution to the problem

OU(s, v) + (—v+a) (s, v) —vsQ"™(s, V) + vV} (s,0)=0  if v>0
(4.31)

As before, the two forms of solutions must have the same singularities in
s, so we find that

. Vi) e~ Uy —a+2s) E(s)
(n) — il
¢ s—ax T s(s— A1)y N (s) (4.32)

n:

By the same argument as before we find that E(s) = E =const. We deter-
mine the value of E so Eq. (4.32) has no singularity at s=1}. We have

E=—\r /(1)) (433)
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We invert the Laplace transform (4.32) to find

Q(m) (x, v) ﬂ('")+ Z ﬂ('") lan (v) (4.34)

n=1

where

By = H (A3

"

(m) — ‘/V(lr:)
! lrr(lr‘: - Z'n_) "4/"(2"1_)

(4.35)

Since the function (4.34) is the solution to the problem (4.29), in particular
for v>0 and X =0 we obtain the expansion of ¥} in {1,V ,n=1,2,.}

Vv, a)=pBy + 2 BUm ¥ =( if v>0 (4.36)

4.4. The Function A(s)

We need to define a function A"(s) in the form of the product (4.24),
so it has simple zeros at A (a) = [a — (4n + a*)'/*]/2. We observe that the

function
<] a2 1/2 a2 1/2
N(s)=Hexp{—2§[<k+—> —<k—1+—> ]}
Pale? 4 4

k+1+a%/4\"? §
X( k+ a4 ) <1+(k+a2/2)”‘*> (4.37)

satisfies this condition. Here § is given by (4.26). Moreover, the function
N(s) for s> 1 has the asymptotic behavior given by

N(s)~ 3§~ exp [ - -2—+ <§2 —%> In s] (4.38)

which is the necessary condition to establish (4.27). Thus we define

N(s)

A =30

(4.39)

s0 A(0)=
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To calculate the asymptotic behavior of the formulas derived in Sec-
tions 5 and 6 we need the following asymptotic expansion of 4 for s < 1:

1 2
N(s)=1+s <—>+S—£2 -1->+0(s3) (4.40)
2 2 2
Here {(3) denotes the Riemann zeta function.

5. PROBLEM ON (0, d)

5.1. Free-Space Operators

We seek an approximate solution to the Langevin equation for long
time 7= O(1), t= O(f). We expand the solution to Eq. (2.8) in the form of
the asymptotic series‘>>

" N1 . 1 "
p(x, v, )= p%x, v, ) +B pl(x, v, 1) +,57 pix, v, )+ .. (5.1)

The leading-order solution is given by

1 ) "
pO =me“’/2"2P°(x, t) (5.2)
where P? satisfies
oP° *P° 9
F?—=LXP0552 Fpe +5(U'(x) PY) (5.3)

On the time scale 7 the position x and the velocity v of the diffusion process
(x,v) become independent processes, with the velocity following the
Maxwellian (thermal equilibrium) distribution, while the position x
satisfies the stochastic Smoluchowski differential equation

dx aw
& _Ux)+ /262 54
7 (x)+/2 d (54)

5.2. Outer Solution

Away from the boundaries and the source, at a distance greater than
O(e), Eq. (2.22) reduces to the outer problem

Z..,0°7T=0 (5.5)
We seek the solution to Eq. (5.5) in the form of the asymptotic series

0°%T(x, v) = Q%x, v) + Q' (x, v) + *Q¥x, v) + ... (5.6)
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Upon substituting Eq. (5.6) into Eq. (5.5) we obtain the infinite system of
equations

0, —u02-0
L—00i=0gi -~ S g1 im12, (57)

The system is solved recursively to yield

x N - 2 >
0°VT(x,v)=C “ eV g5 — edpe V1% 4 82% U'(x) eU"‘W'] + D+ O(&?)
0

(5.8)

where C and D are arbitrary constants. If the potential U(x) is linear, that
is, if U(x)=Ugyx, then we sum up the series (5.8) to obtain the exact
solution to Eq. (5.5) given by

QOUT(X, U) — Cl er(x/JZ—SU/J) + D1 (59)

5.3. Local Solution about x=d

We introduce a local variable y = (d— x)/e in Eq. (2.22) to obtain the
problem for the inner function QX given by

( U'(d)

R4 —v-i—sT) OF +6vQR =0 (5.10)

O*(y=0,v<0)=0
0%y, )= Q°T(y,v) as y— o0
According to the analysis of Section 4, the eigensolution to Eq. (5.10) is

given by

OR(y, v) =M | do+doge”™ D 4 ¥ drer Py =(—v,a%)| (5.11)

n=1

where
A7 =27 (a), a‘= —¢ U;d)
5.12
S S TS T
0T g? " @ (afy " aA(AD)

and the function A7(s) is defined by Eq.(4.39); the constant M is
determined below.
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5.4. Local Solution About x=0

We introduce a local variable z=x/¢ in Eq.(2.22) to obtain the
problem for the inner function Q° given by

,%,,+<—v+e£5@> QL —6vQL~0 (5.13)
with the boundary condition
O%z=0",v>0)=0 (5.14)
and the jump condition
oMz = “,v>0)—QL(z=O+,v>0)=§“¥e”‘°’/"2 (5.15)

and the matching condition

O (z, v) > Q°VT(z, v) as z— oo (5.16)
According to the analysis of Section 4, the solution to Eq. (5.13) which can
satisfy Eq. (5.16) is given by

o0
QY (z,0)=Ao+ doe ™4+ ¥ A7 eV (v,a°)  for z>0
n=1

(5.17)
where

U'(0)

)\,_
n 6

7@, a®=e

(5.18)

and where 4,, 4,, and A, n=1,2,.., are arbitrary constants. In order to
satisfy the jump condition (5.15) we consider the problem (5.13) for z<0
on an interval of an infinitesimal length. On such an interval the solution
does not decay or does not grow significantly. Moreover, there are no
matching conditions imposed on the left for z < 0. Therefore the eigenfunc-
tion expansion to Eq. (5.13) must include the entire set of eigenfunctions.

We have
Q" (z,0)=Bo+ Boe """ 1 Y B e* PV (b, a°)
n=1

+ Y BreM#vi(v,a° (5.19)

n=1



Half-Range Expansion Analysis for Langevin Dynamics 333

The jump condition (5.15) gives the relation between A’s and B’s. We
expand the right-hand side of Eq. (5.15) in the eigenfunctions { V,, ¥,, V',
n=12,.} as

ES(U) e UoYst _ =1, Vo(v) + I, Po(v) + Y IV (v)+ Z IYVi) (5.20)

5 v a=1 n=1
to obtain
Ag—By=1,
Ay—By=1,
A-—B-=1- (5.21)
—Br=r1%

However, as shown in Section 4, the function which satisfies Eq. {5.13)
together with the boundary conditions (5.14) must have the form

0"(z, v) =K[oco+€coe_"°“’”/‘” + Y afer PV (v, aO)} (5.22)

=1
where K is a constant to be determined, and
U'(0)
)
1 _ 1 1

S MV ve

The function A7(s) is defined in Eq. (4.39). Next we rewrite Eq. (5.19) in
the expansion (4.34). We obtain

A7 =27(a%, a’=¢

(5.23)

QY (2, v) = By + Bpe™ " =) 4 Z B e™lé glm

m
=1

+ Z V”_(v) {B"—e}.n_z/é_i_ Z B':eA,:}z/JﬂLn:)} if v>0

n=1 m=1

(5.24)

The two expansions (5.24) and (5.22) must agree at z =0. This comparison
leads to the relations between the coefficients B’s and «’s. We have

By =Koy — Z B B

B =Ka, Z B pim (5.25)
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5.5. Uniform Solution

All unknown constants at this point of the analysis are to be deter-
mined from matching conditions. The matching condition in (5.10) gives

d ~
cj US54 D= M[dy+d,]

0

CeY8 = MU'(d) % (5.26)
while matching between Q" and Q°UT according to (5.16) gives
Ag+A,=D
CeVO%% = 4 U;(ZO) (5.27)

Equations (5.21) and (5.25)-(5.27) determine all constants uniquely.
We have

_ ol —all+ 52, 17 BS)

c (5.28)
1,02V U(0) — pd,
g Plo— 8" L+ T0 | 1 )/ U'(0) (5.29)
ao0%e VU (0) — pd
AomCp (5.30)
D= C(p+62eU(°)/"z/U'(0)) (5.31)
M = C8%Y“%|U'(d) d, (5:32)
Ay = C5%"%IU'(0) 5-33)
A7 =I7+Ka; + Y I}pm (3.34)

m=1

and with K given by Eq.(5.29), all B’s are directly calculated from
Eq. (5.25). The coefficient p in the above equations is defined as

T~ d = 2
p=08[ YY1 +dy/dy) U (d) — YO /U"(0)] — j eV gz (5.35)
0
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We observe that all constants, and thus the solution to the problem,
depgnd on the density of the velocity source through the cofficients
I, Iy, I*. We define

Bo= Y 1By (5.36)

m=1

In particular, if the source density is Maxwellian, (2.6), then in the limit of
&£ <1 we have

YO [(1/2) + B,

_ 2

C=¢ 5 jgeun? di+ O(&%) (5.37)
RACIE 1

-Gl

K=§eu(0)/52+ 0(&?) (5.39)

M= _g2pUdis? yuoys L1/2) + %y + 0(&?) (5.40)

——
fa eV dx

and so on. Here { denotes the Riemann zeta function [{(1/2)= —1.46035...]
and

5 wle A (/) (5.41)

Bo
nel 2. /nn!

The function 4 in Eq.(5.41) is calculated by substituting a=0 into
Eq. (4.39). We evaluate the series (5.41) numerically to find

B, =10.52424 ... (5.42)

Thus the uniform solution to the problem (2.22) is given by

O(x,0)= 0V (x, 0)+ M T, dy ¥ “NI=¥IY (v, a%)

n=1

+ Y Ay e OBy (v, a°) (5.43)
n=1
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In particular, in the case of a linear potential we write the uniform solution
as

Q(x U)—C er(x/52—81/6)+D +Kd Z s- An (—a)d— \)/osV (—U, _a)

n=11

+ Y ANy —(y,a) (5.44)

n=]1

Here a=¢U,/d and

—a /2_ _ + (m)
Kd=£‘/1/(— )JV(a)e 1 a3 . 1, (5.45)
d A (a) e 0 — A (~a)
To leading order the constant K¢ is given by
Uol(1/2) + &,
ko= Dl + %, | (5.46)

52 - Uotl/d 1

The other constants are given by

1 Updfs? grd E o—Uoas® {(1/2) + %,
= — 0 = —— _— 4
Cl av4f(—~a)e K 5 e_Ud/a. +0( ) (5 7)
1, e l(1/2)+ % 2
by=_k =ge—_Uod/6._3_l+O(£) (5.48)

The coefficients A are given by Eq.(5.34) with K replaced by K. They
are O(e). We observe that Eq.(5.44) gives the solution to the problem
(2.22) with a transcendentally small error.

The marginal density of the position x at x =d does not vanish, but
rather takes on a value O(¢) (cf. Fig. 2). We have

[4(1/2) + %] £(1/2) QU0
[4e V)8 gy

P @) = €=U O(d, 0), 1)y = +0(E)

(5.49)

We calculate the flux at x =d according to the formula (2.25). We have

o5 LU/2) + %

U(0)/8? 2
[4 U g e +0(e?) (5.50)

¥(d) =§ e—U(sz( 0(d, v), vy yw=—
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Equivalently, the probability that a trajectory exits the strip at x=0 is
given by
2(172) + %,

eV 1 0(e?) (5.51)
As the width of the strip d goes to infinity, the tfajectory returns to the
origin with probability one if and only if [§* e”" dx = co. Otherwise the
trajectory returns to the origin with probability given by

£(172) + %,
-" 80 eU(x)/JZ dx
In the case of a linear potential the result (5.52) can be deduced from the
analysis in ref. 19.

For the clarity of the presentation we calculate the mfpt in the case of

the linear potential. Analogous results hold in the case of an arbitrary
potential. By employing the formula (5.44) in Eq. (2.23), we {ind

Er=(Er)°VT + (Er)L, +(Er)}, (5.53)

P(0)=1+ed eYO% 1 O(e?) (5.52)

Here (E7)°VT denotes the contribution to the mfpt due to the outer solu-
tion Q°VT(x, v). It is given by

2
(Er)°VT =l [ C, esluﬁ/zald+ D, 5_ (1—e- Uod/az)]
&€ U,

_i [C(I/Z) +.@0](—d+§gerx/Jz dx)
Uo jg erx/Jl dx

+0(e) (5.54)

The contributions to the mfpt due to the boundary layer terms on the left
and on the right are denoted by (Et)5, and (Et)g, , respectively. We have

d -
(Er)gl_:éK" L e—Uﬂ—*/52< Y d7 <V (0) Dnw el"‘-aw-xvﬂ’) dx(5.55)

n=1

which is given, with a transcendentally small error, by

= 5o Uod/6 prd -V Dnw
(ET)}, = de K ngld i a)
:geuod/ade Z d KV, v V) Nw

n=1
2 UtUR) =%\ s (5.56)

2
e Vod/# _ 1
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where

o« nn/2e-n/2v/1/‘(\/;l')

[ Here .4” is evaluated according to Eq. (4.39) with a=0.] In the case of an
arbitrary potential, (Et)}, is given by

ezéeu(o)/(sl C( 1/2) + '%0

R _
(Et)gL= jgeU‘W e (5.58)
For a linear potential, similar calculations give
< V.o, 1

n=1 AIT (a)
In the case of an arbitrary potential the boundary layer solution at the left
gives the same contributions as given in Eq. (5.59), multiplied by ¢%%/,
and with a replaced by ¢U’(0)/d. The contribution due to the outer
solution in general is given by

‘I Y
(ET)°UT =lf e~ YOOV (x, v), 1) nw dx (5.60)
£

0

which is O(1).

5.6. Extrapolation Length

In this section we derive the reduced boundary value problem corre-
sponding to (2.10) in the asymptotic limit f> 1. As shown in Section 5.1,
the Fokker-Planck operator L, , for the diffusion process (2.1) approaches
the forward operator L, for the Smoluchowski problem in the limit as
B — co. Thus Eq. (2.10) becomes

OF 2 (U(x) P = —5(x—0") (561)

L.p=o ox?  Ox

Next we derive the boundary conditions for Eq. (5.61) consistent with the
absorbing boundary conditions {2.11) and (2.12). In particular, Eq. (5.61)
equipped with these new boundary conditions must give the same values of
the mean passage time and the probability flux at the boundary, among
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others, as those obtained from the full two-dimensional problem in Egs.
(2.13), (2.16), (2.17). The outer solution to Eq.(2.10) according to (2.9)
and (2.21) is given by

1

POUT(X’ v) = (271)”2

™™ VNI QOUT(x ) (5.62)

where QPYT is given by Eq. (5.8). Hence the marginal density POUT(x) is
given by

POUT(x)= J  POUT(x, v) dv

¢

= o=V [ c ( [Cevo az+ S ) eU‘-"WZ> + D] +0(&)
(563)

To leading order the constants C and D are given by Egs. (5.37) and
(5.38), respectively. POUT(x) vanishes at a point x¥ which is the solution
to

C [ f * Uit gz +§ U'(x¥) e"‘xiwl] +D=0 (5.64)

0

It is given by

* A i_ T2l BN U’(d) _82 72
XR~d+U,(d)]n[./1< e > 52U (d)] (5.65)

Expanding 4" for ¢ <1, as in Eq. (4.40), we find that
x¥=d—ed{(3)— 12U'(d) + O(&®) (5.66)

We observe that in the case of a linear potential the formula (5.65) is exact,
that is, the sign = should be replaced with the equality sign. Since the
(outer) marginal density vanishes at x§, It is the point of extrapolated
absorbing conditions for the operator (5.61).

In order to-determine the point of the extrapolated boundaries on the
left (near the location of the source), we proceed as follows. We extend the
problem (5.61) to the left of the location of the source, that is, for x <0.
We require that for x <0 the density P satisfies the problem

LP=0 (5.67)
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and it is continuous at x, that is,

P(0) = POUT(0) (5.68)

mar

and Eq. (5.61) determines the jump in the derivative as

d d 1
PO - P0) = -5 (5.69)

We solve the problem (5.67)—(5.69) to obtain

Pry=e=o2 [ (L) ["evow g ip]  for x<0 (570)
62 0

Next we calculate the point x§¥ where P vanishes. Its coordinate is given by

2 D U(0) .
¥~ N7 = U0yYs
X 1;1[1—6,“/(S e ] (5.71)

Using Egs. (5.37) and (5.38), we find that
xt=ed({(3) + Bp) + O(¢?) (5.72)

where 2%, is given by Eq.(5.41). Therefore the problem for the
Smoluchowski equation (5.61) equipped with zero boundary conditions at
points x% and x§¥, given by (5.66) and (5.72), respectively, is the leading-
order approximation to the problem (2.10) in the asymptotic limit of large
friction.

6. EXAMPLE: NO-FORCE CASE

In this section we show how our analysis reduces to the case of no
external force, that is, if U(x)=0 on [0, d]. For the clarity of the presenta-
tion we assume that the velocity source at x =0 is Maxwellian, (2.6). Thus
we solve the problem

"Z‘.UEQUU—UQU_eanX: —826(X—0+)
Qx=0",v>0|¢(=0%)=0 (6.1)
Qx=d,v<0]|&=0%")=0
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In the analysis below we use the properties of the operator .%, , derived in
ref. 20. The uniform solution to the problem (6.1) is

O(x,v)=C(x—edv)+D+ Y A7V (v) o —n'Pxles
n=1

—K?Y B Vi)e M=o if 0<x<d  (62)

n=1

where
£
€= = ga 2030 L2~ %)
_sd+ei)
D= S+ 200 L2~ %)
d 82
= 2 2000 ¥~ o]
o__ &
K= S 2a0m) L 0 2050
__f _ n+1 _M) + gL }
A" _5|:( 1) ﬂ"<l d+26 +k§ll ﬂ +In (6-3)
with
a=‘€<1> N/m) g (DN NG ¢
Y L N 2k! (ke + /) '
and
_ w© s k+1 2 —2s[n'2 — (n— 1))
N(s)—"I;[l<l+ﬁ><—k ) e (65)
nj2 ,—n/2
L N ) ot (66)

n 5 2n ! \/; ’ n

Next we caleulate properties of the process (x, v). The probability that
a trajectory leaves D at x=d, given it started at x=0" according to
formula (2.25), is given by

+ )
av(d)=éf (z%wve—”/zg(d v)do==K’= («—By) (6.7)

€V _x

;
d+ 2eda
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Similarly, the probability that a trajectory that originates at x=0" leaves
D at x=0 (with v<0) is given by

) d+ed(o+ By)

¥(0) = éer 2000, v) dv=2K°= (6.3)
O==21_, @ A= K = ‘

Moreover, the probability ¥*+(0) that a trajectory which originates at
x =0 with v>0 leaves D at x=0 with v <0 is given by

11 d+286%,

W+(0)E¥’(O)——E——¥’(d)=m (69)

The mfpt to the boundaries of D, according to Eq. (2.33), is given by, with
a transcendentally small error,

2 ©

1 d: it
Et=—|C—+Dd+ed Y A KV, 1)—ebK* Y —=B LV, 1>] (6.10)
€ 2 n=1\/’;

n=1

Here (V' ,1y=n"?e""? and (V,,1>=(-1)"(V}

F,1>. To leading
order Eq. (6.10) becomes

_ d(a— %)

Et %%

+ 0(z) (6.11)

The leading-order outer approximation to the problem (2.10) with
U{x)=0 is given by

1 1
5 P..= —;5(?6)
P(x#)=0, P(x%)=0 (6.12)

where x¥ g, denote the coodinates of the extrapolated boundary conditions,
which are found by the mthod of Section 4.4 to be

xt=—ed(a—%By), xi=d+eda (6.13)
The outer problem (6.12) gives formulas for the mfpt and the probability
of exit points the same as those given by Eqgs. (6.11) and (6.7)—(6.9).

7. DISCUSSION

In this paper we have presented a systemtic asymptotic analysis of a
boundary value problem for the Fokker-Planck operator corresponding to
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the Langevin equation in the high-friction limit. We assumed that the
trajectories of the process originate with an arbitrary velocity density.
Absorbing boundary conditions were prescribed at the spatial location
x=0 of the velocity source and at another location, x=d > O(1) away.
The global effects of a potential function on the probability flux at the
boundaries and the mean time to absorption were included. The friction
parameter § was assumed to be large compared to other parameters of
the problem: the temperature (noise strength) 62, and the force at the
boundaries, U'(0) and U’(d). More specifically, the outer expansion (in the
case of an arbitrary potential) and the boundary layer analysis are valid as
long as > d. For clarity of presentation we showed results in Section 3 in
the high-damping regime with the other parameters being O(1). However,
our analysis yields more general results. It shows the interplay between
parameters of the problem: f, J, and the strength of the force at the bound-
aries, U'(d) and U’'(0). The extrapolation length depends on the factor
a’= U'(d)/Bé through the function A °(—a?)—compare Eq. (5.65). Results
shown in Section 3 were obtained by expanding the function 4" for small
values of its argument. That is, if force is O(1) at the boundary, then this
expansion is valid for > 1/5. However, the examples of Section 3 are
derived from the more general results obtained in Section 5 under the
assumption that §> 4.

The half-range expansion calculations presented here are based on a
modification of the method of refs. 20 and 21 to include effects of the force
on the boundary layer solution. An alternative method for treatment of
half-range expansion boundary value problems in the case of a constant
force and a half-space domain x > 0 was developed in refs. 18 and 19. Our
boundary layer solution at x =d corresponds to the analysis of the Milne
problem of refs. 18 and 19, while our boundary layer solution at x=0
correspond to the albedo problem of refs. 18 and 19. In particular, our
asymptotic limit of high damping [with other parameters being O(1)] in
the boundary layer solution corresponds to the small-force field limit of
ref. 14. [In ref. 14 the distinguished limit of the damping coefficient and the
noise strength f62= O(1) was considered.] In this asymptotic limit both
methods yield identical results for the behavior of the boundary layer
solutions.

To summarize the contributions of this paper: we have extended the
analysis of refs. 14, 18, and 19 to include the effects of both a finite slab
geometry and a general potential. [The restriction 4> O(1) may be
removed by applying the expansion method of Section 5.1 to both bound-
aries simultaneously.] These generalizations enable the calculation of the
mean time to absorption, which is O(1). Thus the effect of the boundary
layer next to the source is singular. [ If the trajectories originate away from

822/79/1-2-23
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the boundaries, then in the Smoluchowski limit the mean time to absorp-
tion is O(f).] We have calculated the probabilities of absorption at each
of the boundaries and the velocity distributions of these exit points. If the
width of the slab becomes infinite, we have calculated the probability of
recurrence for an arbitrary potential, whic agrees with the results of ref. 19
in the case of a linear potential.

A more detailed discussion of the extrapolation length as a function
of the parameters of the problem will be given elsewhere.'?> We will
generalize the analysis to include the effects of the noncharacteritic bound-
aries. We will also generalize the method of refs. 20 and 21 to handle
half-range expansion problems for other types of differential scattering
operators.
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